On the optimal transversals of the odd cycles  by Berge, C. & Fouquet, J.-L.
ELSEVIER Discrete Mathematics 169 (1997) 169-175 
DISCRETE 
MATHEMATICS 
Note 
On the optimal transversals of the odd cycles 
C. Berge a,*, J.-L. Fouquet b
a Centre de Mathematique Sociale, E.R. Combinatoire, 54 Boulevard Raspail. 
75270 Paris Cedex 06, France 
b Universitk du Mans 
Received 2 March 1995; revised 22 May 1995 
Abstract 
Let G be a simple graph and let X be its vertex-set. A set T C X is a transversal of the odd 
cycles if it meets all the odd cycles of G, Let Ha denote the family of the odd cycles of G (as 
subsets of X) which are chordless, i.e. minimal relatively to inclusion. Clearly, the minimum 
cardinality of a transversal T is the transversal number of the hypergraph Ha, that is, with the 
notations of Hypergraph Theory (see [2]), 
rain ITI = z(Ha). 
In this paper, we study the coefficient z(Ha); an unsolved problem is: For which graph G 
is this coefficient equal to the maximum number of pairwise disjoint odd cycles (the 'K6nig 
Property' )? 
1. The cartesian sum G+Kz 
Let G be a graph on X = {a, b, c . . . .  }, and let G' be a copy of G, whose vertex-set 
is X '  = {a' ,b ' ,d  . . . .  }. The cartesian sum G +K2 is a graph on X UX '  obtained from 
the union of G and G' by joining the pairs aa', bb', cc' .... with additional edges (which 
will be called here the 'vertical edges'). The graph G +/£2 is an useful concept to 
study the parity problems of G, as shown by the following lemma. 
The odd chain Lemma. Let x and z be two vertices of  G. There exists & G an odd 
chain f rom x to z i f  and only i f  the graph obtained from G + K2 by removing the 
vertices x' and z' has a perfect matching. 
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Proof. Assume first that G + K2 - {x',z'} has a perfect matching (whose edges will 
be called the 'thick' edges, the other being the 'thin' edges). We shall show how to 
obtain an odd chain of G between x and z. 
Let xxl be the unique thick edge incident o x, let xlx~ be the vertical edge incident 
to xl (which is necessarily thin), let XtlX~ be the unique thick edge incident o x~, let 
x~x2 be the vertical edge incident o x~, let x2x3 be the unique thick edge incident o 
x2 (which is different from all the thick edges previously used), etc. Clearly, all the 
edges of the chain so defined are distinct, and since the graph is finite, the procedure 
will terminate at some vertex, which can only be z. Then the sequence x, xt,x2 ... .  ,z 
defines an odd chain of G. 
Conversely, if G has an odd chain X, Xl,X2,.. . ,z connecting x and z, the 
matching of G + Kz - {x',z '} consisting of all the vertical edges can be transformed 
into a perfect matching by interchanging the thick and thin edges along the alternat- 
ing chain X, Xl,Xll,x~,x2,x3 . . . . .  z, which connects the two unsaturated vertices 
x and z. [] 
A transversal o f  the odd cycles is a set of vertices which meets all the odd cycles. 
The complexity of the determination f the smallest one follows from the following 
results. 
Theorem 1. For a graph G with n vertices, the minimum cardinality o f  a transversal 
o f  the odd cycles is • = n -  ct(G + K2), where ~(H) denotes as usual the stability 
number o f  a graph H. 
Proof. Let S U T' be a maximum stable set of G +/£2 with S C_ X and T' C X' .  Let T 
be the image of T' in X. Then the set S U T induces in G, a bicolorable subgraph and, 
consequently, X - (S U T) is a transversal of the odd cycles of G. So, z ~< iX -  S -  T I = 
n - ct(G + K2). 
On the other hand, a minimum transversal of the odd cycles of G is of the type 
X - S - T, where (S, T) induces a bipartite subgraph; this defines in G + K2 a stable 
set S U T'. So, ~ = IxI - IS u T' I ~>n - c~(G +Kz). The equality follows. [] 
As an immediate consequence of this result, we obtain easily new bounds for z; 
for instance, the bound for the stability number of G + K2 given by Zarankievicz's 
Theorem yields 
< n - [2n/A(G) + 2]*. 
Another consequence is the fact that the complexity of our problem is similar to the 
complexity of the maximum stable set problem; by a theorem of Gr6tschel et al. [7], 
we know that this problem is polynomial when G + K2 is a perfect graph; and a simple 
characterization for the graphs G such that G + K2 is perfect is given by the following 
results. 
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Lemma 1. Let G be a graph. Then the cartesian sum G + K2 is a perfect graph if  
and only if G is perfect and G + K2 has no odd hole. 
Proof. I f  G + K2 is perfect, it is well known that this graph has no odd hole; further- 
more, G is perfect as an induced subgraph of a perfect graph. 
Conversely, let G be a perfect graph such that G + K2 has no odd hole. If 
G +/£2 was not a perfect graph it would contain a minimal imperfect subgraph H. We 
shall use the Tucker's lemma [16]: I f  Go is a minimal imperfect graph which is not 
an odd hole, and if  e is an edge of  Go which belongs to no triangle, then the partial 
graph Go - e is also a minimal imperfect graph. 
Since the vertical edges of G +//'2 belong to no triangle, one can by removing 
them from H successively obtain a new minimal imperfect graph H r, as long as H ~ 
is not an odd hole. Since the connected graph H ~ is non-perfect, it contains necessarily 
both vertices in X and vertices in X ~ and, therefore, it admits vertical edges; so, 
the process terminates when H ~ is an odd hole. In other terms, H is the union 
of an odd cycle # (of length at least 5) and of a set of vertical edges. These 
vertical edges are pairwise non-adjacent and belong to no triangle, so each of them 
determines, with #, an odd cycle of length at least 5. Clearly, one of them 
is an odd hole H"  of H, and H"  is also an odd hole for G + K2. A 
contradiction. [] 
A parity graph is a graph such that for every pair of vertices, all the chordless 
chains which join them have the same parity; it is known that the parity graphs are 
perfect [1 1 ]. 
Theorem 2. The cartesian sum G + K2 is a perfect graph if  and only i f  G is a parity 
graph. 
Proof. Let G be a parity graph. Assume by contradiction that G + K2 is non-perfect. 
So, by Lemma 1, G +/£2 contains an odd hole; let # be an odd hole of minimal 
length. Then # contains both vertices in X and vertices in X ', so we can write, say, 
,=  , , , .  , , , , 
# = (xO,Xl,...,Xp; Xp Yo, Y l , " . ,Yq ,  Yq --= zo,zb... ,Zr; z r -= ao, a I . . . .  ,a s = x . 
The vertices denoted by a roman letter with a prime are the images in X r of the 
vertices in X with the same roman letter. An edge of the type xixj, or xizj, or yiYj, 
or aiaj cannot exist in G, because # is a hole of G + K2. Also, G cannot have 
an edge of the type xiYj because this would imply that the portion of the chain 
# between xi and yj could be replaced by xiYjYj to make a shorter hole having 
the same parity (because G is a parity graph): this would contradict he minimality 
of #. 
Thus, the odd sequence (xo, xl, Xe . . . . .  Yo, Y l, y2 . . . . .  zo, zl, z2 ....  , ao, al . . . . .  xo) would 
be an odd hole in G. This contradicts that G is a parity graph. 
The 'only if '  part is similar. Assume that G +K2 is perfect and that G contains two 
vertices joined by two induced paths with different parities; we can assume that these 
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two paths have no other common vertices than their end-vertices. Then we can obtain 
in G + K2 an induced hole by replacing one of the two paths by the corresponding 
path in G. A contradiction. [] 
Corollary. For a parity graph G, the determination of an optimal transversal of the 
odd cycles is a polynomial problem. (By [7] and Theorem 1.) 
2. The K/Jnig property for HG 
Let H be a hypergraph, whose 'rank' (maximum size of an edge) is denoted by 
r(H) and whose 'matching number' (maximum number of pairwise disjoint edges) is 
denoted by v(H). Clearly, 
v(H) <<, z(H) <~ r(H)v(H). 
Other inequalities have been obtained for hypergraphs of rank 3 by different authors: 
Aharoni, Bollobas, Furedi, Lov~isz, Tuza, Erd6s (see for instance [2]). 
Let G be a graph and let Ha be the hypergraph whose 'edges' are the chordless odd 
cycles of G; in this section, we show how general theorems of Hypergraph Theory can 
be used to obtain new results about z(Hc). An unsolved problem is the characterization 
of the graphs G for which z(Ha) = v(Ho); this equality, called the K6nig Property, 
can usually be proved by inductive arguments when the hypergraph is normal ('every 
partial hypergraph as the K6nig Property'), or mengerian (see [2, Section 6, Ch. 5]). 
Recall that for a positive integer k, a k-coloring of a hypergraph is a partition of the 
vertex-set into k classes (the 'color classes') such that no edge of cardinality > 1 is 
contained in only one class (or: is 'monochromatic'). Now, we can state: 
Theorem 3. I f  the hypergraph HG & normal, then the chromatic number of G is <<,4. 
Proof. We shall use here a theorem of Foumier and Las Vergnas [5] which asserts 
that every normal hypergraph admits a 2-coloring. Let G be a graph such that Ha is 
normal; so, in a 2-coloring (A,B) of Ho, no odd cycle of G is monochromatic. Since 
the subgraph GA (resp. GB) of G induced by A (resp. by B) contains no odd cycles, the 
graph GA admits a bicoloring (AI,A2); also, the graph GB admits a bicoloring (B1,B2). 
Clearly, the partition (A1,A2,BI,B2) is a 4-coloring of G. Thus, G is of chromatic 
number ~<4. D 
Let IG denote the family of the elementary odd cycles; we have z(16) = z(Ha) and 
v(Ia) = v(Hc), but Ic satisfies a stronger property than Ha, that is: 
Theorem 4. Let G be a graph such that the hypergraph Ia is normal, then G is of 
chromatic number at most 3. 
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Proof. Now, assume that G is of chromatic number 4. Catlin proved in [5] that a 
graph G of chromatic number 4 contains a subdivision of 1<4 in which each triangle 
of the K4 is subdivided to form an odd cycle; so, there exists a partial hypergraph of 
Ic which does not satisfy the K6nig property. This shows that if Ic is normal, then 
the graph G is not 4-chromatic, which achieves the proof. [] 
In 1975, Toil [14] conjectured that a graph of chromatic number 4 contains a sub- 
division of K4 in which each of the six chains replacing the edges of K4 has odd 
length; this conjecture is still unsettled (see [15]) and several variations of this 
possible extension of Catlin's Theorem have been suggested by the same author. 
We note that the converse of Theorem 4 is not true, and a perfect graph of chromatic 
number 3 is not necessarily associated with a normal hypergraph. The 'Haj6s graph' 
G defined by the triangles abc, cde, aef, ace (Fig. 1) is associated with a hypergraph 
Hc with z(Ha) = 2 and v(Ha) = 1, so this hypergraph is not normal; however, the 
chromatic number of the graph G is 3. It is easy to check in Fig. 2 that G is perfect, 
and that G +/<2 is non-perfect (since it has a hole of length 7: b,a,f , f ' ,e ' ,c ' ,b ' ,b) .  
To make use of stronger inequalities which are proved for the rank 3, we can 
consider the hypergraph Fc whose edges are the triangles of G. Since Fc c_ Ha, we 
have r(Hc)~> z(FG). If every odd cycle of length at least 5 has a chord, then each 
odd cycle contains the three vertices of a triangle, and Hc = Ft .  This class of graphs 
contains: (1) the perfect graphs; (2) some non-perfect graphs like the complement of 
C7 (as noticed by Ghouila-Houri, see [1]); (3) the 'Raspail graphs' (such that every 
odd cycle of length at least 5 has a short chord, see [9,10]) so-called by Chv~ital and 
Reed who conjectured them to be perfect; (4) the 'quasi-Raspail' graphs (Rusu, [13]). 
Theorem 5. Let G be a cubical bipartite graph and let G* be its line-graph. Then 
I-I G. has the K6nig property. 
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Proof. By a famous theorem of K6nig, a regular bipartite graph G has a perfect 
matching, that we shall denote by M. In the graph G*, the three vertices of a triangle 
correspond to three edges of G issuing from the same vertex, and for all the vertices 
which belong to the same color-class of G, the corresponding triangles constitute a
perfect matching of HG*. Clearly, the vertices of G* associated with the elements of 
M constitute a transversal set for He-. The Krnig property follows. [] 
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